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CONTACT LOCI IN ARC SPACES
LAWRENCE EIN, ROBERT LAZARSFELD, AND MIRCEA MUSTAT¸Aˇ
Introduction
The purpose of this paper is to study the loci of arcs on a smooth variety defined by
order of contact with a fixed subscheme. Specifically, we establish a Nash-type correspon-
dence showing that the irreducible components of these loci arise from (intersections of)
exceptional divisors in a resolution of singularities. We show also that these loci account
for all the valuations determined by irreducible cylinders in the arc space. Along the
way, we recover in an elementary fashion – without using motivic integration – results of
the third author from [Mus1] and [Mus2] relating singularities to arc spaces. Moreover,
we extend these results to give a jet-theoretic interpretation of multiplier ideals.
Let X be a smooth complex variety of dimension d. Given m ≥ 0 we denote by
Xm = Hom
(
SpecC[t]/(tm+1) , X
)
the space of mth order arcs on X . Thus Xm is a smooth variety of dimension d(m+ 1),
and the truncation morphism τm+1,m : Xm+1 −→ Xm realizes each of these spaces as a
Cd-bundle over the previous one. The inverse limit X∞ of the Xm parametrizes all formal
arcs on X , and one writes ψm : X∞ −→ Xm for the natural map. These spaces have
attracted a great deal of interest in recent years thanks to their central role in the theory
of motivic integration (see, for example, [Bat], [DL2], [DL3]). In his papers [Mus1] and
[Mus2] the third author used this machine to give arc-theoretic interpretations of some
of the basic invariants of higher dimensional geometry.
Consider now a non-zero ideal sheaf a ⊆ OX defining a subscheme Y ⊆ X . Given
a finite or infinite arc γ on X , the order of vanishing of a — or the order of contact of
the corresponding scheme Y — along γ is defined in the natural way.1 For a fixed integer
p ≥ 0, we define the contact loci
Contp(Y ) = Contp(a) =
{
γ ∈ X∞ | ordγ(a) = p
}
.
These are locally closed cylinders, i.e. they arise as the common pull-back of the locally
closed sets
(1) Contp(Y )m = Cont
p(a)m =def
{
γ ∈ Xm | ordγ(a) = p
}
1Specifically, pulling a back via γ yields an ideal (te) in C[t]/(tm+1) or C[[t]], and one sets
ordγ(a) = ordγ(Y ) = e.
(Take ordγ(a) = m+1 when a pulls back to the zero ideal in C[t]/(t
m+1) and ordγ(a) =∞ when it pulls
back to the zero ideal in C[[t]].)
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defined for any m ≥ p. By an irreducible component W of Contp(a) we mean the inverse
image of a component Wm of Cont
p(a)m (these being in bijection for all m ≥ p via the
truncation maps). The codimension of W in X∞ is the common codimension of any of
the Wm in Xm.
Our first result establishes a Nash-type correspondence showing that the irreducible
components of Contp(a) arise from exceptional divisors appearing in an embedded res-
olution of Y . Specifically, fix a log resolution µ : X ′ −→ X of a. Thus X ′ is a smooth
variety which carries a simple normal crossing divisor E =
∑t
i=1Ei, µ is a projective
birational map, and
(2) a′ = a · OX′ = OX′(−
t∑
i=1
riEi).
For simplicity, we assume here that all ri are positive (we can do this if µ is an isomor-
phism over X \ Y ), and leave the general case for the main body of the paper. We write
(3) KX′/X =
t∑
i=1
ki Ei
where KX′/X = KX′ − µ
∗KX is the relative canonical divisor defined by the vanishing
of det dµ. After perhaps some further blowings-up, we may – and do – assume that any
non-empty intersection of the Ei is connected and hence irreducible. Observe that µ
gives rise in the natural way to morphisms µm : X
′
m −→ Xm and µ∞ : X
′
∞ −→ X∞.
Fix next a multi-index ν = (νi) ∈ N
t. We consider the “multi-contact” locus
Contν(E) =
{
γ′ ∈ X ′∞ | ordγ′(Ei) = νi for 1 ≤ i ≤ t
}
.
These are again locally closed cylinders arising from the corresponding subsets Contν(E)m
of X ′m. The philosophy is that these loci can be understood very concretely thanks to the
fact that E is a simple normal crossing divisor: for example, Contν(E)m (if non-empty)
is a smooth irreducible variety of codimension
∑
νi in X
′
m.
Our first main result describes the contact loci of Y in terms of the multi-contact
loci associated to E. In particular, we see that any irreducible component of the contact
locus Contp(a) associated to the ideal sheaf a on X arises as the image of a unique such
multi-contact locus on X ′:
Theorem A. For every positive integer p, we have a decomposition as a finite disjoint
union
Contp(a) =
⊔
ν
µ∞(Cont
ν(E)),
over those ν ∈ Nt such that
∑
i νiri = p. Each µ∞(Cont
ν(E)) is a constructible cylinder of
codimension
∑
i νi(ki+1). In particular, for every irreducible component W of Cont
p(a)
there is a unique multi-index ν as above such that Contν(E) dominates W .
A related result appears as Theorem 2.4 in [DL1]. Theorem A yields a quick proof
of results of [Mus2] relating the dimensions of the arc spaces Yℓ ⊆ Xℓ of Y to the
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singularities of the pair (X, Y ). Keeping notation as above, recall that the log-canonical
threshold of a – or of the pair (X, Y ) – is the rational number
lct(a) = lct(X, Y ) =def min
i
{ki + 1
ri
}
.
This is an important invariant of the singularities of the functions f ∈ a, with smaller
values of lct(a) reflecting nastier singularities (see [DK], [ELSV], [Kol]). Now consider
an irreducible component Vℓ of Yℓ. Then the inverse image of Vℓ in X∞ is contained
in the closure of an irreducible component W of the contact locus Contp(Y ) for some
p ≥ ℓ+1. Write ν = (νi) for the multi-index describing the cylinder Cont
ν(E) dominating
W . If c = lct(X, Y ) then ki + 1 ≥ cri for each of the divisors Ei, and so one finds from
Theorem A:
(4)
codim
(
Vℓ, Xℓ
)
≥ codim
(
µ∞(Cont
ν(E)), X∞
)
=
∑
νi(ki + 1)
≥ c ·
∑
νiri
= c · p
≥ c
(
ℓ+ 1
)
.
The reverse inequality being elementary for suitable values of ℓ, we deduce
Corollary B (Mustat¸aˇ, [Mus2]). One has
lct(X, Y ) = min
ℓ
{codim(Yℓ, Xℓ)
ℓ+ 1
}
.
A closer look at this argument identifies geometrically the components of Yℓ having
maximal possible dimension: they are the closures of the images of multi-contact loci on
X ′ involving the divisors Ei computing lct(a) (Corollary 3.3). We also recover the main
result of [Mus1] relating irreducibility of Yℓ to the singularities of Y when Y is a local
complete intersection.
Our second main result concerns the valuations defined by irreducible cylinders
C ⊂ X∞. Assuming that C does not dominate X , it determines a valuation valC on the
function field C(X) of X by the rule:
valC(f) = ordγ(f) for general γ ∈ C.
We prove that any such valuation comes from a contact locus:
Theorem C. Let C ⊆ X∞ be an irreducible cylinder which does not dominate X, and
denote by valC the corresponding valuation on C(X). Then there exist an ideal a ⊆ OX ,
an integer p > 0 and an irreducible component W of Contp(a) such that valC = valW .
Moreover valC is a divisorial valuation, i.e. it agrees up to a constant with the valuation
given by the order of vanishing along a divisor in a suitable blow-up of X.
The divisor in question is the exceptional divisor in a weighted blow-up of X ′ along the
intersection of the relevant Ei from Theorem A.
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Theorem A is a consequence of a result of Denef and Loeser describing the fibres of
the map µm : X
′
m −→ Xm. This is also one of the principal inputs to the theory of motivic
integration, so the techniques used here are certainly not disjoint from the methods of the
third author in [Mus1] and [Mus2]. However the present approach clarifies the geometric
underpinnings of the results in question, and it bypasses the combinatorial complexities
involved in manipulating motivic integrals.
In order to streamline the presentation, we collect in Section 1 some basic results
on cylinders in arc spaces of smooth varieties. The proof of the above theorems are
given in §2. Section 3 is devoted to some variants and further applications: in particular,
we complete the proof of Corollary B and explain how to recover some of the results of
[Mus1]. We discuss also more general pairs of the form (X,α ·Y −β ·Z), and interpret the
corresponding generalized log canonical thresholds in terms of arc spaces. In particular,
this yields a jet-theoretic description of the multiplier ideals. As an example, we treat
the case of monomial subschemes in an affine space.
Acknowledgements. We are grateful to Franc¸ois Loeser and Mihnea Popa for
useful discussions, and to the referee for his comments on the paper. Research of the
first author was partially supported by NSF Grant 02-00278. Research of the second
author was partially supported by NSF Grant 01-39713. The third author served as a
Clay Mathematics Institute Long-Term Prize Fellow while this research has been done.
1. Cylinders in arc spaces
We collect in this section some basic facts on cylinders. Let X be a fixed smooth,
connected d-dimensional complex variety. We have truncation morphisms ψm : X∞ −→
Xm, and τm+1,m : Xm+1 −→ Xm, such that τm+1,m is locally trivial with fiber C
d. Note
that X∞ is the set of C-valued points of a scheme over C, and we consider on X∞ the
restriction of the Zariski topology on this scheme. It is clear that this is equal with
the inverse limit topology induced by the projections {ψm}m. Since every τm+1,m is flat,
hence open, it follows that ψm is open for every m.
Recall that a cylinder C in X∞ is a subset of the form ψ
−1
m (S), for some m, and
some constructible subset S ⊆ Xm. We stress that all the points we consider in X∞
and Xm are C-valued points. The cylinders form an algebra of sets. It is clear that
C = ψ−1m (S) is open (closed, locally closed) if and only if so is S. Moreover, we have
C = ψ−1m (S), so C is a cylinder. Since the projection maps are locally trivial, it follows
that C is irreducible if and only if S is. In particular, the decomposition of S in irreducible
components induces a similar decomposition for C. For every cylinder C = ψ−1m (S), we
put codim(C) := codim(S,Xm) = (m + 1)d − dim(S). If C1 ⊆ C2 are cylinders, then
codim(C1) ≥ codim(C2). Moreover, if C1 and C2 are closed and irreducible, then we have
equality of codimensions if and only if C1 = C2.
We say that a subset T of X∞ is thin if there is a proper closed subscheme Z of X
such that T ⊆ Z∞.
Proposition 1.1. If C is a non-empty cylinder, then C is not thin.
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Proof. Suppose that Z is a proper closed subset such that C ⊆ Z∞. In particular, we
have codim(C) ≥ codim(ψ−1m (Zm)) for every m. On the other hand, it can be shown that
limm→∞ codim(ψ
−1
m (Zm)) = ∞ (see, for example, Lemma 3.7 in [Mus1]). This gives a
contradiction. 
Lemma 1.2. If C1 ⊇ C2 ⊇ C3 ⊇ . . . are non-empty cylinders in X∞, then
⋂
mCm 6= ∅.
Proof. We give a proof following [Bat]. Note first that a similar assertion holds for a
non-increasing sequence of constructible subsets of a given variety, as we work over an
uncountable field. Moreover, it follows from definition and Chevalley’s theorem that for
every cylinder C ⊆ X∞, the image ψp(C) is constructible for all p.
Consider the constructible subsets of X
ψ0(C1) ⊇ ψ0(C2) ⊇ ψ0(C3) ⊇ . . . .
The above remark shows that we can find x0 ∈
⋂
m ψ0(Cm). Replace now Cm by
C ′m := Cm∩ψ
−1
0 (x0), which again form a non-increasing sequence of non-empty cylinders.
Consider
ψ1(C
′
1) ⊇ ψ1(C
′
2) ⊇ ψ1(C
′
3) ⊇ . . . ,
so that we can find x1 ∈
⋂
m ψm(C
′
m). We replace now C
′
m by C
′′
m := Cm ∩ ψ
−1
1 (x1) and
continue this way, to get a sequence {xp}p, such that τp+1,p(xp+1) = xp for every p, and
such that xp ∈ ψp(Cm) for every p and m. This defines x = (xp)p ∈ X∞, and since each
Cm is a cylinder, we see that x ∈ Cm for every m. 
We consider now a proper, birational morphism µ : X ′ −→ X between smooth
varieties, with µm : X
′
m −→ Xm the induced map on arc spaces. The next lemma shows
that µm is surjective for all m ∈ N. In fact, we will show later the stronger fact that µ∞
is surjective.
Lemma 1.3. If µ is as above, then µm : X
′
m −→ Xm is surjective for every m ∈ N.
Proof. Let Z ⊂ X be a proper closed subset such that µ is an isomorphism over X \Z. It
follows from the Valuative Criterion for properness thatX∞\Z∞ is contained in the image
of µ∞. On the other hand, for every u ∈ Xm, we have ψ
−1
m (u) 6⊆ Z∞ by Proposition 1.1,
so u ∈ Im(µm). 
We give now a criterion for the image of a cylinder by µ∞ to be a cylinder. If µ is as
above, we denote by ψm and ψ
′
m the projections corresponding to X and X
′, respectively.
Proposition 1.4. With the above notation, if C ′ = (ψ′m)
−1(S ′) is a cylinder so that S ′
is a union of fibers of µm, then C := µ∞(C
′) is a cylinder in X∞.
Proof. Since S := µm(S
′) is constructible, it is enough to show that C = ψ−1m (S). We
prove that C ⊇ ψ−1m (S), the reverse inclusion being obvious. If γ ∈ ψ
−1
m (S), consider for
every p ≥ m, the cylinder
Dp = (ψ
′
p)
−1(µ−1p (ψp(γ))) ⊆ X
′
∞.
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It follows from Lemma 1.3 that Dp 6= ∅ for every p ≥ m. On the other hand, it is clear
that Dp ⊇ Dp+1 for p ≥ m, so Lemma 1.2 shows that there is γ
′ ∈
⋂
p≥mDp. Note that
µ∞(γ
′) = γ, while we have γ′ ∈ C ′, as S ′ is a union of fibers of µm. 
We use this to strengthen the assertion in Lemma 1.3.
Corollary 1.5. If µ : X ′ −→ X is a proper, birational morphism between smooth vari-
eties, then µ∞ is surjective.
Proof. C ′ = X ′∞ certainly satisfies the hypothesis of Lemma 1.4, so C = µ∞(X
′
∞) is a
cylinder. On the other hand, we have seen in the proof of Lemma 1.3 that there is a
proper closed subset Z ⊂ X so that X∞ \ Z∞ ⊆ C. Therefore X∞ \ C is contained in
Z∞, so it is empty by Proposition 1.1. 
We recall now a theorem of Denef and Loeser which will play a pivotal role in our
arguments. Suppose that µ : X ′ −→ X is a proper, birational morphism of smooth
varieties. As in the Introduction, we introduce the relative canonical divisor
KX′/X =def { det(dµ) = 0 },
an effective Cartier divisor on X ′, supported on the exceptional locus of µ.
Theorem (Denef and Loeser, [DL2]). Given an integer e ≥ 0, consider the contact locus
Conte(KX′/X)m =
{
γ′ ∈ X ′m | ordγ′(KX′/X) = e
}
.
If m ≥ 2e then Conte(KX′/X)m is a union of fibres of µm : X
′
m −→ Xm, each of which is
isomorphic to an affine space Ae. Moreover if
γ′ , γ′′ ∈ Conte(KX′/X)m
lie in the same fibre of µm, then they have the same image in X
′
m−e.
In fact, Denef and Loeser show that µm is a Zariski-locally trivial A
e-bundle over the
image of Conte(KX′/X)m in Xm.
Remark 1.6. The most important point for our purposes is the statement that the
contact locus Conte(KX′/X)m ⊆ X
′
m is a union of fibres of µm, and that all of these fibres
are irreducible of dimension e. When µ : X ′ −→ X is the blowing-up of X along a
smooth center this is readily checked by an explicit calculation in local coordinates. This
case in turn implies the statement when µ is obtained as a composition of such blow-ups.
There would be no essential loss in generality in limiting ourselves in what follows to
such a composition of nice blow-ups. 
Corollary 1.7. Let µ : X ′ −→ X be a proper, birational morphism between smooth
varieties. If C ′ ⊆ X ′∞ is a cylinder, then the closure µ∞(C
′) of its image is a cylinder.
Moreover, if there is e ∈ N such that C ′ ⊆ Conte(KX′/X), then µ∞(C
′) is a cylinder.
Proof. We use the above theorem of Denef and Loeser. Note first that in order to prove
the second assertion, we may assume that C ′ is irreducible. Let e be the smallest p
such that C ′ ∩ Contp(KX′/X) 6= ∅ (we have e < ∞ by Proposition 1.1). As C
′
◦ :=
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C ′ ∩ Conte(KX′/X) is open and dense in C
′, it follows that µ∞(C ′) = µ∞(C ′◦), so that it
is enough to prove the second assertion in the theorem.
Let p and T ⊆ X ′p be such that C
′ = (ψ′p)
−1(T ), and fix m with m ≥ max{2e, e+p}.
If S ⊆ X ′m is the inverse image of T by the canonical projection to X
′
p, Proposition 1.4
shows that it is enough to check that S is a union of fibers of µm. This follows from
Denef and Loeser’s theorem: if δ1 ∈ S and δ2 ∈ X
′
m are such that µm(δ1) = µm(δ2), then
the first assertion in the theorem implies δ2 ∈ Cont
e(KX′/X)m, and the last assertion in
the theorem shows that δ1 and δ2 lie over the same element in X
′
p, hence δ2 ∈ S. 
We show now that our notion of codimension for cylinders agrees with the usual
one, defined in terms of the Zariski topology on X∞.
Lemma 1.8. If C ⊆ X∞ is an irreducible cylinder, and if W ⊇ C is an irreducible closed
subset of X∞, then W is a clinder.
Proof. It follows from the definition of the Zariski topology thatW =
⋂
m∈NW
(m), where
W (m) = ψ−1m (ψm(W )). Note that each W
(m) is a closed irreducible cylinder, and we have
C ⊆ W (m+1) ⊆ W (m) for every m. Therefore codimW (m) ≤ codim(C) for every m, and
we deduce that codimW (m) is eventually constant. This shows that there is m0 such that
W (m) =W (m0) for all m ≥ m0; hence W =W
(m0) is a cylinder. 
Corollary 1.9. If C ⊆ X∞ is a cylinder, then codim(C) is the codimension of C, as
defined using the Zariski topology on X∞.
Proof. We may clearly assume that C is closed and irreducible. In this case, the above
lemma shows that every chain of closed irreducible subsets containing C consists of
cylinders, so the assertion is obvious. 
Proposition 1.10. Let C ⊆ X∞ be a cylinder. If we have a countable disjoint union of
cylinders
⊔
p∈NDp ⊆ C, whose complement in C is thin, then
codim(C) = min
p∈N
codim(Dp).
Moreover, if each Dp is irreducible (or empty), then for every irreducible component W
of C there is a unique p ∈ N such that Dp ⊆W , and Dp is dense in W .
Proof. Let Z ⊂ X be a proper closed subset such that C ⊆ Z∞ ∪
⋃
pDp. We will use the
fact that limm→∞ codim(ψ
−1
m (Zm)) =∞ (see Lemma 3.7 in [Mus1]).
It is clear that we have codim(C) ≤ minp codim(Dp). For the reverse inequality,
choose m such that codim(ψ−1m (Zm)) > minp codim(Dp). It follows from Lemma 1.2 that
there is r such that
C ⊆
⋃
p≤r
Dp ∪ ψ
−1
m (Zm).
This clearly gives codim(C) ≥ minp codim(Dp).
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Suppose now that every Dp is irreducible, and let W be an irreducible component
of C. Choose m such that codim(ψ−1m (Zm)) > codim(W ), and let r be such that
C ⊆
⋃
p≤r
Dp ∪ ψ
−1
m (Zm).
It follows that there is p ≤ r such that W ⊆ Dp. Since Dp is irreducible, we see that we
also have Dp ⊆W . 
Remark 1.11. Under the assumption of Proposition 1.10 one knows that
µMot(C) =
∑
p
µMot(Dp),
where µMot is the motivic measure from [DL2]. By taking the Hodge realization of the
motivic measure, the statement in the above proposition follows immediately. However,
we preferred to avoid this formalism.
2. Contact loci and valuations
This section is devoted to the proof of our main results. Keeping the notation
established in the Introduction, we give first the statement and the proof of a more
general version of Theorem A. Consider a smooth variety X of dimension d and a non-
zero ideal sheaf a ⊆ OX on X defining a subscheme Y ⊆ X . Fix a log resolution
µ : X ′ −→ X of a, with E =
∑t
i=1Ei a simple normal crossing divisor on X
′ such that
(5) a′ = a · OX′ = OX′
(
−
t∑
i=1
riEi
)
, KX′/X =
t∑
i=1
kiEi
for some integers ri, ki ≥ 0. Note that this time we do not assume ri ≥ 1 if ki ≥ 1. Given
a multi-index ν = (νi) ∈ N
t we define the support of ν to be
supp(ν) =
{
i ∈ [1, t] | νi 6= 0
}
,
and we put
Eν =
⋂
i∈supp(ν)
Ei.
Thus Eν is either empty or a smooth subvariety of codimension |supp(ν)| in X
′. Without
loss of generality we will assume in addition that Eν is connected — and hence irreducible
— whenever it is non-empty.2
Given a multi-index ν ∈ Nt and an integer m ≥ maxi νi, we consider as in the
Introduction the “multi-contact” loci
Contν(E)m =
{
γ′ ∈ X ′m | ordγ′(Ei) = νi for 1 ≤ i ≤ t
}
,
2We can always arrive at this situation by a sequence of blow-ups along smooth centers. In fact,
starting with an arbitrary log resolution, first blow up the d-fold intersections of of the Ei; then blow up
the (d− 1)-fold intersections of their proper transforms; and so on. At the end of this process we arrive
at a log resolution where the stated condition is satisfied.
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and the corresponding sets Contν(E) ⊆ X ′∞. Provided that Eν 6= ∅, a computation in
local coordinates shows that Contν(E)m is a smooth irreducible locally closed subset of
codimension
∑
νi in X
′
m. (If Eν is empty, then so is Cont
ν(E)m.) Recall that a subset
of X∞ is called thin if it is contained in Z∞ for some proper closed subscheme Z ⊂ X .
Theorem 2.1. For every positive integer p, we have a disjoint union⊔
ν
µ∞(Cont
ν(E)) ⊆ Contp(Y ),
where the union is over those ν ∈ Nt such that
∑
i νiri = p. For every ν as above such
that Contν(E) 6= ∅, its image µ∞(Cont
ν(E)) is an irreducible cylinder of codimension∑
i νi(ki + 1). Moreover, the complement in Cont
p(Y ) of the above union is thin.
Proof. We use the Theorem of Denef and Loeser which was stated in the previous section.
It is clear that we have a disjoint union⊔
ν
Contν(E) ⊆ µ−1∞ (Cont
p(Y )),
where ν varies over the set in the statement, and the complement is contained in the union
of those (Ei)∞ such that ri = 0. For every ν we put e =
∑
i νiki, so that Cont
ν(E) ⊆
Conte(KX′/X). Corollary 1.7 implies that µ∞(Cont
ν(E)) is a cylinder.
We show now that µ∞(Cont
ν(E)) and µ∞(Cont
ν′(E)) are disjoint if ν 6= ν ′. Indeed,
otherwise there are γ ∈ Contν(E) and γ′ ∈ Contν
′
(E) with µ∞(γ) = µ∞(γ
′). If e and e′
correspond to ν and ν ′, respectively, fix m ≥ max{2e, e+ νi, e+ ν
′
i}i. The first assertion
in the Theorem of Denef and Loeser gives e = e′, and the last assertion implies that γ
and γ′ have the same image in X ′m−e, a contradiction.
Since µ∞ is surjective by Corollary 1.5, we get a disjoint union as in the theorem.
Moreover, if ν is such that Eν 6= ∅ and if m≫ 0, then the Theorem of Denef and Loeser
shows that the projection
Contν(E)m −→ µm(Cont
ν(E)m)
has irreducible, e-dimensional fibers (in fact, it is locally trivial with fiber Ae). Hence
dimµm(Cont
ν(E)m) = dimCont
ν(E)m − e = (m+ 1)d−
∑
i
νi(ki + 1),
which completes the proof of the theorem. 
Remark 2.2. Note that if µ is as in the Introduction, i.e. if it is an isomorphism over
X \ Y , then the disjoint union in the above theorem is finite. Moreover, it follows from
the above proof that in this case the union is equal with Contp(Y ), and we recover also
the first statement of Theorem A.
Remark 2.3. As pointed out by the referee, the fact that
µ∞(Cont
ν(E)) ∩ µ∞(Cont
ν′(E)) = ∅
for ν 6= ν ′ can be seen also in an elementary way as follows. If Z = µ(E), then µ
induces an isomorphism X ′ \ E −→ X \ Z. By the Valuative Criterion for Properness,
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µ∞ induces a bijection X
′
∞ \ E∞ −→ X∞ \ Z∞. As νi, ν
′
i 6= ∞ for all i, we see that
Contν(E), Contν
′
(E) ⊆ X ′∞ \ E∞, and we deduce our assertion.
In the setting of Theorem 2.1, the disjoint decomposition of Contp(Y ) allows us
to relate the irreducible components of Contp(Y ) with the multi-contact loci Contν(E).
This is a formal consequence of Proposition 1.10.
Corollary 2.4. With the notation in Theorem 2.1, we have
codimContp(Y ) = min
ν
∑
i
νi(ki + 1),
where the minimum is over all ν ∈ Nt such that
∑
i νiri = p and Eν 6= ∅. Moreover, for
every irreducible component W of Contp(Y ) there is a unique ν as above, such that W
contains µ∞(Cont
ν(E)) as a dense subset.
Note that this corollary allows us to describe the irreducible components of each
Contp(Y ) which have minimal codimension in terms of the numerical data of the resolu-
tion. However, while Theorem 2.1 shows that all the irreducible components are deter-
mined by the resolution, the ones of codimension larger than codim(Contp(Y )) seem to
depend on more than just the numerical data. In the next section we will see that by
considering a varying auxiliary scheme Z ⊂ X , we can describe also other components
of the contact loci.
We turn now to valuations of C(X) associated to cylinders in the arc space. Recall
that if C is an irreducible cylinder in X∞, then we have defined a valuation valC as
follows. Note first that if γ ∈ X∞, and if f is a rational function on X defined in
a neighbourhood of ψ0(γ), then ordγ(f) is well defined. If the domain of f intersects
ψ0(C), then valC(f) := ordγ(f), for general γ ∈ C. Note that this is a non-negative
integer by Proposition 1.1. Since C is irreducible, it follows that valC(f) is well-defined
and can be extended to a valuation of the function field of X . We will assume from now
on that C does not dominate X , so valC is nontrivial (and discrete).
It is clear that if C1 ⊆ C2 are cylinders as above, then valC1(f) ≥ valC2(f) for
every rational function f whose domain intersects ψ0(C1). If moreover, C1 is dense in C2,
then valC1 = valC2 . Suppose now that µ : X
′ −→ X is a proper, birational morphism of
smooth varieties, and that C ′ ⊆ X ′∞ is an irreducible cylinder which does not dominate
X ′. It follows from Corollary 1.7 that C := µ∞(C ′) is a cylinder, and we clearly have
valC′ = valC .
Example 2.5. A divisorial valuation of C(X) is a discrete valuation associated to a
prime divisor on some normal variety X ′ which is birational to X . If the valuation
has center on X (see below), then there are infinitely many cylinders in X∞ whose
corresponding valuations agree up to a constant with the given valuation. To see this let
D be a prime divisor on X ′, and let valD be the corresponding valuation. Saying that the
valuation has center on X means that we may assume that we have a proper birational
morphism µ : X ′ −→ X , that X ′ is smooth, and that D is smooth on X ′. For p ≥ 1, let
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C ′p = Cont
p(D), so valC′p = p · valD. If we put Cp = µ∞(C
′
p), then Corollary 1.7 shows
that Cp is an irreducible cylinder, and valCp = p · valD.
In the remainder of this section we show that conversely, every valuation defined
by a cylinder in X∞ is (up to a constant multiple) a divisorial valuation. We consider
first the case when the cylinder is an irreducible component of a contact locus. In this
case, the assertion is a corollary of Theorem 2.1.
Corollary 2.6. Let Y ⊂ X be proper closed subscheme, and let W be an irreducible
component of Contp(Y ) for some p ≥ 1. Let ν ∈ Nt be the multi-index given by Corol-
lary 2.4, so that µ∞(Cont
ν(E)) is contained and dense in W . If D is the exceptional
divisor of the weighted blowing-up of (X ′, E) with weight ν, then valW = q · valD, where
q = gcd{νi|i ∈ supp(ν)}.
Proof. Recall the definition of the weighted blowing-up with weight ν. Let s = lcm{νi|i ∈
supp(ν)}. If Tν ⊂ X
′ is the closed subscheme defined by
∑
i∈supp(ν)O(−
s
νi
·Ei), then the
weighted blowing-up of (X ′, E) with weight ν is the normalized blowing-up of X ′ along
Tν . There is a unique prime divisor on this blowing-up which dominates Tν ; this is D.
It follows from our choice of ν that valW = valContν(E). Let g : X
′′ −→ X ′ be a
proper birational map which factors through the above blowing-up and which satisfies
the requirements for a log resolution. Note that we may consider D as a divisor on X ′′.
We apply Theorem 2.1 for g.
Let C be the multi-contact locus of all arcs on X ′′∞ with order q along D, and
order zero along all the other divisors involved. Well-known results about weighted
blow-ups show that the coefficient of D in g−1(Ei) is νi/q, and the coefficient of D
in KX′′/X′ is −1 +
∑
i νi/q. We see that g∞(C) ⊆ Cont
ν(E). Moreover, both these
cylinders are irreducible and have the same codimension, as codim g∞(C) = q ·
∑
i νi/q =
codim(Contν(E)). This gives valW = valC = q · valD. 
We show now that in fact, we can describe all valuations given by cylinders using
contact loci.
Theorem 2.7. If C is an irreducible cylinder in X∞ which does not dominate X, then
there is a proper closed subscheme Y ⊂ X, a positive integer p, and an irreducible
component W of Contp(Y ) such that valC = valW . In particular, valC is equal, up to a
constant, with a divisorial valuation.
Proof. We have to prove only the first assertion, the second one follows from this and
Corollary 2.6. By replacing C with its closure, we may assume that C is closed. Moreover,
it is enough to prove our assertion in the case when X = Spec(A) is affine. Recall that a
graded sequence of ideals is a set of ideals a• = {ap}p≥1 such that ap · aq ⊆ ap+q for all p
and q (see [Laz] for more on this topic). Since valC is a valuation which is non-negative
on A, if we define
ap := {f ∈ A|valC(f) ≥ p},
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then a• is a graded sequence of ideals. Note that since C does not dominate X , we have
ap 6= (0) for every p.
Starting with a graded sequence of ideals a• as above, we get a sequence of closed
cylinders as follows: for every p ≥ 1, let
Wp = {γ ∈ X∞|ordγ(f) ≥ p for every f ∈ ap}.
Since a• is a graded sequence, we have a
q
p ⊆ apq, so that Wpq ⊆ Wp for every p, q ≥ 1.
Note that in our case, it follows from definition that C ⊆ Wp for all p. Moreover, since
ap 6= (0), we see that Wp does not dominate X , for any p. We put Cm := Wm! so that
C ⊆ Cm+1 ⊆ Cm for every m ≥ 1.
We claim that we can choose irreducible components C ′m of Cm such that C ⊆
C ′m+1 ⊆ C
′
m for all m. It is clear that for every m we can choose irreducible components
Ci,m of Ci for i ≤ m, so that
C ⊆ Cm,m ⊆ Cm−1,m ⊆ . . . ⊆ C1,m.
As every cylinder has finitely many irreducible components, there is an irreducible compo-
nent C ′1 of C1 such that C
′
1 = C1,m for infinitely many m. Similarly, there is an irreducible
component C ′2 of C2, such that C
′
2 ⊆ C
′
1, and such that C
′
2 = C2,m for infinitely many m.
Continuing in this way, we deduce our claim.
Note that we have codim(C ′1) ≤ codim(C
′
2) ≤ . . . ≤ codim(C). Therefore there
is q such that codim(C ′m) = codim(C
′
q) for every m ≥ q, hence C
′
m = C
′
q, as all C
′
i
are irreducible closed cylinders. Let Y be the closed subscheme defined by aq!, and let
τ := min{ordγ(f)|γ ∈ C
′
q, f ∈ aq!}. It is clear that τ ≥ q! and that C
′
q is the closure of
an irreducible component of Contτ (Y ), so that in order to finish the proof, it is enough
to show that valC = valC′q .
Since C ⊆ C ′q, we have valC ≥ valC′q on A. Fix f ∈ A, and let us show that
m := valC(f) ≤ valC′q(f). By multiplying f with g such that valC(g) > 0, we may
assume m ≥ 1. Moreover, by taking a suitable power of f , we may assume that m = p!
for some p ≥ q. By definition we have f ∈ am, hence
C ′q = C
′
p ⊆ Wp! ⊆ {γ ∈ X∞|ordγ(f) ≥ m}.
This gives valC′q(f) ≥ m, and completes the proof of the theorem. 
Remark 2.8. It follows from Theorem 2.7 that to each irreducible cylinder C which does
not dominate X we may associate a (unique) divisor D over X such that valC = λ · valD
for some λ > 0 (of course, we identify two divisors over X which give the same valuation).
This map is obviously not injective, but it is surjective by Example 2.5.
Suppose now that Y ⊂ X is a fixed proper closed subscheme. It would be inter-
esting to understand which divisors appear from irreducible components of contact loci
of Y . One can consider this as an embedded version of Nash’s problem (see [Nash]). If
Y is a variety, and if ψ0 : Y∞ −→ Y is the canonical projection, then Nash described
an injective map from the set of irreducible components of ψ−10 (Ysing) to the set of “es-
sential” exceptional divisors over Y (divisors which appear in every resolution of Y ). He
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conjectured that this map is surjective, but a counterexample has been recently found in
[IK].
In the next section we will use Theorem 2.1 to describe certain divisors which are
associated to distinguished irreducible components of the contact loci of Y , namely the
divisors which compute generalized versions of the log canonical threshold.
3. Applications to log canonical thresholds
We discuss here some applications of Theorem 2.1. As before, X is a smooth
irreducible variety of dimension d, Y ⊆ X is a subscheme defined by a non-zero ideal
sheaf a ⊆ OX , and µ : X
′ −→ X is a log resolution of (X, Y ) with
a · OX′ = OX′(−
∑
riEi) , KX′/X =
∑
kiEi.
Arc spaces of subschemes. We indicate how to recover some of the results of [Mus1]
and [Mus2] relating singularities of the pair (X, Y ) to the properties of the arc spaces
Yℓ ⊆ Xℓ.
Note that for every irreducible cylinder C ⊆ X∞ there is a subcylinder C0 ⊆ C
which is open in C, such that ordγ(a) is constant for γ ∈ C0. We denote this positive
integer by ordC(a) or ordC(Y ). It is clear that if p = ordC(Y ), then C is contained in
the closure of an irreducible component of Contp(Y ).
Suppose now that Vℓ is an irreducible component of Yℓ, and let V = ψ
−1
ℓ (Vℓ) ⊆ X∞.
Note that V is an irreducible component of
(6) ψ−1ℓ
(
Yℓ
)
= Cont≥(ℓ+1)
(
Y
)
=def
{
γ ∈ X∞ | ordγ(Y ) ≥ ℓ+ 1
}
.
Let p = ordV (Y ), so p ≥ ℓ+1. Note that we might have strict inequality (Example 3.1).
In any case, V is the closure of an irreducible component of Contp(Y ). Conversely, the
closure of every irreducible component of Contp(Y ) is the inverse image of an irreducible
component of Yp. Therefore our analysis of the contact loci Cont
p(Y ) gives complete
control over the arc spaces of Y .
Example 3.1. Let X = A1 with coordinate t, and let Y ⊂ X be defined by (te) ⊆ C[t]
for a fixed integer e ≥ 2. Then V1 = Y1 is the irreducible subset of X1 consisting of arcs
centered at the origin. However, ordV (Y ) = e > 1.
We start by completing the proof of Corollary B from the Introduction, namely we
prove
Corollary 3.2. The log canonical threshold of (X, Y ) is given by
lct(X, Y ) = min
ℓ
{codim(Yℓ, Xℓ)
ℓ+ 1
}
.
Proof. We saw in the Introduction that Theorem A implies the inequality
(7) codim(Yℓ, Xℓ) ≥ c(ℓ+ 1)
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where c = lct(X, Y ), so it remains only to prove the reverse inequality for suitable ℓ.
But this is immediate. In fact, it follows from the definition of lct(X, Y ) that there
exists an index i — say i = 1 — for which k1 + 1 = cr1. Let ν = (1, 0, 0, . . . , 0) be
the multi-index with ν1 = 1 and νi = 0 for i > 1. It follows from Theorem 2.1 that
µ∞(Cont
ν(E)) is a subcylinder of Contr1(Y ) of codimension k1 + 1. If ℓ = r1 − 1, then
the closure of this subcylinder can be written as ψ−1ℓ (V ) for some closed subset V ⊆ Yℓ,
with codim(V,Xℓ) = c(ℓ + 1). The first part of the proof implies that V must be an
irreducible component of Yℓ, so we are done. 
The argument just completed leads to an explicit description of the components of
Yℓ having maximal possible dimension. Keeping notation as before, let us say that one of
the divisors Ei ⊆ X
′ computes the log canonical threshold of (X, Y ) if lct(X, Y ) = ki+1
ri
.
Note that in general there may be several divisors Ei that compute this threshold.
Corollary 3.3. Let Vℓ ⊆ Yℓ be an irreducible component of maximal possible dimension,
i.e. with
codim(Vℓ, Xℓ) = (ℓ+ 1) · lct(X, Y ),
and let V = ψ−1ℓ (Vℓ) be the corresponding subset of X∞. Then ordV (a) = ℓ+ 1 and V is
dominated by a multi-contact locus Contν(E) where
νi 6= 0 =⇒ Ei computes the log canonical threshold of (X, Y ).
Conversely the image of any such multi-contact locus Contν(E) determines a component
of Yℓ of maximal possible dimension.
Proof. Write c = lct(X, Y ). We return to the proof of Corollary B from the Introduction.
Specifically, V is contained in the closure of some irreducible component W of Contp(a),
which in turn is dominated by some multi-contact locus Contν(E). But codim(Vℓ, Xℓ) =
c(ℓ+ 1) by hypothesis, and hence equality must hold in all the inequalities appearing in
equation (4) from the Introduction. Therefore
p =
∑
νiri = (ℓ+ 1).
Moreover since in any event ki + 1 ≥ cri for all i, we deduce that νi(ki + 1) = cνiri for
each index i. In particular, if νi 6= 0 then Ei computes the log-canonical threshold of
(X, Y ). We leave the converse to the reader. 
Similar arguments allow one to eliminate motivic integration from the main results
of the third author in [Mus1]. For example:
Corollary 3.4. (Mustat¸aˇ, [Mus1]). Let Y ⊆ X be a reduced and irreducible locally
complete intersection subvariety of codimension f . Then the arc-space Yℓ is irreducible
for all ℓ ≥ 1 if and only if Y has at worst rational singularities.
Proof. Following [Mus1] let µ : X ′ −→ X be a log resolution of (X, Y ) which dominates
the blowing-up of X along Y . Write E1 for the (reduced and irreducible) exceptional
divisor created by this blow-up, so that
r1 = 1 , k1 = f − 1,
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and otherwise keep notation and assumptions as above. It is established in [Mus1],
Theorem 2.1 and Remark 2.2, that Y has at worst rational singularities if and only if
ki ≥ fri for every index i ≥ 2. So we are reduced to showing:
(*) Yℓ is irreducible for all ℓ ≥ 1 ⇐⇒ ki ≥ fri for i ≥ 2.
(It is the proof of this equivalence in [Mus1] that uses motivic integration.)
Assuming that ki ≥ fri for i ≥ 2 we show that each Yℓ is irreducible. Note to begin
with that Yℓ has one “main component” Y
main
ℓ , namely the closure of the arc-space (Yreg)ℓ:
this component is dominated by the multi-contact locus Cont(ℓ+1,0,0,...,0)(E) described by
the multi-index ν = (ℓ+1, 0, 0, . . . , 0). Suppose for a contradiction that there is a further
component Vℓ of Yℓ. In the usual way, V = ψ
−1
ℓ (Vℓ) lies in the closure of an irreducible
componentW of Contp(Y ) for p ≥ ℓ+1, which via Corollary 2.6 is dominated by a multi-
contact locus Contν(E) for some ν = (νi) 6= (ℓ + 1, 0, . . . , 0). Since Y ⊆ X is a local
complete intersection of codimension f , we have in any event codim(W,Xℓ) ≤ (ℓ+1) · f .
In view of the hypothesis ki ≥ fri for i ≥ 2 we then find the inequalities:
(ℓ+ 1) · f ≥ codim(W )
=
∑
i≥1
νi(ki + 1)
= ν1 · f +
∑
i≥2
νi(ki + 1)
≥ f ·
∑
i≥1
νiri +
∑
i≥2
νi
= fp +
∑
i≥2
νi.
But since p ≥ ℓ+ 1 this forces νi = 0 for i ≥ 2, a contradiction.
Conversely, suppose that ki < fri for some i ≥ 2: say k2 ≤ fr2 − 1. Setting
ν = (0, 1, 0, . . . , 0) and ℓ = r2−1, the multi-contact locus Cont
ν(E) maps to an irreducible
set Wℓ ⊆ Yℓ with
codim(Wℓ, Xℓ) ≤ (ℓ+ 1)f = codim(Y
main
ℓ , Xℓ),
and therefore Yℓ cannot be irreducible. 
Generalized log canonical thresholds. We extend now the above results to take into
account also an extra scheme Z. We fix two proper closed subschemes Y , Z ⊆ X
defined by the ideal sheaves a and b, respectively. We use the previous notation for
µ : X ′ −→ X , but this time we assume that µ is a log resolution for Y ∪ Z. We write
b·OX′ = OX′(−
∑
siEi). Having fixed also β ∈ Q+, we define the log canonical threshold
lct(X, Y ; β ·Z) to be the largest α ∈ Q+ such that (X,α · Y − β ·Z) is log canonical, i.e.
ki + 1 ≥ α · ri − β · si for all i. Therefore
lct(X, Y ; β · Z) = min
i
{ki + 1 + β · si
ri
}
.
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It is standard to see that the definition does not depend on the particular log resolution
(see [Kol]).
The following corollary is a generalization of Corollary 3.2 to this setting. This time
we state the formula in terms of the contact loci, and leave the corresponding statement
in terms of arc spaces to the reader.
Corollary 3.5. We have
lct(X, Y ; β · Z) = min
C
{codim(C) + β · ordC(Z)
ordC(Y )
}
where C runs over the irreducible cylinders in X∞ which do not dominate X; in fact, it
is enough to let C run only over the irreducible components of Contp(Y ), for p ≥ 1.
Proof. Let c = lct(X, Y ; β · Z). We show first that if C is an irreducible cylinder in X∞,
then codim(C) ≥ c ·ordC(Y )−β ·ordC(Z). Let p = ordC(Y ), and let C0 ⊆ C be an open
subcylinder such that C0 ⊆ Cont
p(Y ). Let W be an irreducible component of Contp(Y )
containing C0, and let ν be the multi-index corresponding to W by Corollary 2.4. We
have
codim(C) = codim(C0) ≥ codim(W ) =
∑
νi(ki + 1)
≥
∑
i
νi(c · ri − β · si) = c · p− β · ordW (Z) ≥ c · p− β · ordC(Z),
as required.
In order to finish the proof, it is enough to show that there is p ≥ 1 and an
irreducible component V of Contp(Y ) such that codim(V ) = c · p−β · ordV (Z). For this,
let i be such that c = (ki + 1 + β · si)/ri, and take p = ri and ν such that νi = 1 and
νj = 0 if j 6= i. We may take V to be the closure of µ∞(Cont
ν(E)) in Contp(Y ). 
We have a similar generalization of Corollary 3.3. Again, we phrase the result in
terms of irreducible components of contact loci of Y . We say that a divisor Ei computes
lct(X, Y ; β · Z) if lct(X, Y ; β · Y ) = (ki + 1 + β · si)/ri.
Corollary 3.6. Let W be an irreducible component of Contp(Y ), with p ≥ 1, such that
(8) codim(W ) = p · lct(X, Y ; β · Z)− β · ordW (Z).
Then W is dominated by a multi-contact locus Contν(E) where
νi 6= 0 =⇒ Ei computes lct(X, Y ; β · Z).
Conversely, the image of any such multi-contact locus determines an irreducible compo-
nent of Contp(Y ) as above.
Proof. The proof is similar to that of Corollary 3.3, so we omit it. 
Remark 3.7. Recall that we have defined in the previous section a map from the irre-
ducible components of Contp(Y ) with p ≥ 1 to the divisors over X . One can interpret
the above corollary as saying that for every Z and β, every divisor D which computes
lct(X, Y ; β ·Z) is in the image of this map. Moreover, the irreducible components which
correspond to these divisors are precisely the ones satisfying (8).
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Remark 3.8. Suppose that X = Spec(A) is affine, that Y is defined by the ideal a ⊂ A,
and that Z is defined by a principal ideal (f). It follows from definition that λ <
lct(X, Y ;Z) if and only if f ∈ I(X, λ · a), the multiplier ideal of a with coefficient λ (we
refer to [Laz] for the basics on multiplier ideals). One can therefore interpret Corollary 3.5
as giving an arc-theoretic interpretation of multiplier ideals.
We end with an example: monomial ideals in the polynomial ring. For a non-zero
monomial ideal a in the polynomial ring R = C[T1, . . . , Td], the Newton polyhedron of a,
denoted by Pa, is the convex hull in R
n of the set {u ∈ Nd | T u ∈ a}. For u = (ui) ∈ N
d,
we use the notation T u =
∏
i T
ui
i .
Proposition 3.9. Let X = Ad, and Y , Z →֒ X subschemes defined by nonzero monomial
ideals a and b ⊆ R, respectively, where R = C[T1, . . . , Td]. For every α, β ∈ Q+, with
α 6= 0, we have (X,α · Y − β · Z) log canonical if and only if
β · Pb+ e ⊆ α · Pa,
where e = (1, . . . , 1).
Proof. For every q ∈ Nd, consider the multi-contact locus Cq ⊆ X∞, consisting of those
arcs with order qi along the divisor defined by Ti, for all i. Every contact locus of Y
is a union of such cylinders. It follows from Corollary 3.5 that (X,α · Y − β · Z) is log
canonical if and only if
(9) β · ordCq(Z) ≥ α · ordCq(Y )− codim(Cq),
for every q.
It is easy to see that codim(Cq) =
∑
i qi. Moreover, it is clear that we have
ordCq(Y ) = inf{
∑
i uiqi|u ∈ Pa}, and a similar formula for ordCq(Z). If we consider the
dual polyhedron of Pa,
P ◦
a
:= {p ∈ Rd|
∑
i
piui ≥ 1 for allu ∈ Pa},
then we see that ordCq(Y ) ≥ m if and only if (1/m)q ∈ P
◦
a
.
Condition (9) then says that for every q ∈ Nd and every m ∈ N∗, such that
(1/m)q ∈ P ◦
a
, we have
β/m · inf
v∈Pb
(∑
i
viqi
)
+
∑
i
qi/m ≥ α.
Since P ◦
a
is a rational polyhedron, this is the same as saying that for every q′ ∈ P ◦
a
, we
have
β · inf
v∈Pb
(∑
i
q′ivi
)
+
∑
i
q′i ≥ α.
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Since (P ◦
a
)◦ = Pa and α > 0, the above condition is equivalent to β · Pb + e ⊆
α · Pa. 
Corollary 3.10. (Howald, [How]) If X = Ad and a ⊆ R = C[T1, . . . , Td] is a nonzero
monomial ideal, then for every α ∈ Q∗+, the multiplier ideal of a with coefficient α is
given by
I(X,α · a) = (T u | u+ e ∈ Int(α · Pa)).
Proof. Note that multiplier ideals of monomial ideals are monomial (for example, because
we can find a log resolution which is equivariant with respect to the standard (C∗)d-action
on Ad). If Z is the subscheme defined by T u, note that T u ∈ I(X,α · a) if and only if
(X, λ ·Y −Z) is log canonical for some λ > α. The assertion of the corollary follows now
from the above proposition. 
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